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1. Introduction 

Before the work of this author, all spacetime-supersymmetric calculations of super- 
string amplitudes used the light-cone Green-Schwarz formalism, which requires non-trivial 
operators at the light-cone interaction points. |jl|] 0] Because of this complication, only 
the four-point massless tree and one-loop amplitudes had been explicitly computed in a 
spacetime-supersymmetric manner .0 

Over the last few years, this author has developed an alternative spacetime- 
supersymmetric description of the superstring which has the advantage of being confor- 
mally invariant, and therefore not requiring non-trivial interaction-point operators. P| . The 
new formalism is manifestly S0(3,l) super-Poincare invariant and is suitable for any com- 
pactification to four dimensions which preserves N=l 4D supersymmetry. Furthermore, 
the new formalism contains critical N=2 worldsheet superconformal invariance, and is 
related by a field redefinition to the N=2 embedding of the N=l RNS superstring. 

Together with Vafa, a simple "topological" method was developed for calculating scat- 
tering amplitudes in this formalism. (An easily accessible review of this method can be 
found in reference [§) In this letter, the topological method will be used to explicitly com- 
pute tree-level scattering amplitudes for an arbitrary number of four-dimensional massless 
states. The result can be expressed as a Koba-Nielsen formula, and is manifestly S0(3,l) 
super-Poincare invariant. 

It is straightforward to generalize the formula for scattering in the presence of a D- 
brane. This result should be useful for D-brane analysis since, unlike computations in the 
RNS formalism, ||] it is manifestly spacetime-supersymmetric, and therefore includes both 
NS-NS and R-R couplings. 

^ Although reference [Q contains explicit expressions for four-point multiloop amplitudes, these 
expressions contain unphysical divergences when interaction points coincide. It has not yet been 
determined how these expressions are affected by removing the divergences with contact terms. 
Also, Mandelstam has constructed an N-point tree amplitude which has manifest SU(4)xU(l) 
super-Poincare invariance. Q However the structure of his amplitude was obtained indirectly by 
unitarity arguments, rather than by explicit computations. It would be interesting to compare 
his amplitude with the Koba-Nielsen formula in this letter. 
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2. Review 

As shown in reference 0, the topological prescription for computing the tree- level 
amplitude for N open superstring states in any c=6 N=2 string theory is 

N 

A =< Viizi) G+{V2{Z2)) G+iVs{zs)) H / dzrG- {G+ {Vr{Zr))) > (2.1) 

A 



r=4 ■ 



where V{z) is a U(l)-neutral N=2 primary field of weight 0, [T, G~^, G~ , J] are the twisted 
c=6 N=2 generators (after twisting, G"*" has weight 1 and G~ has weight 2), G^{Y) means 
the contour integral of G^ around y, G^ = G~{e^^)^ and J = dH. The Chan-Paton 
factors will be supressed throughout this letter. 

When (^J|)is applied to the N=2 embedding of the N=l RNS superstring, it repro- 
duces the standard RNS prescription in the "large" Hilbert space: 

N 

A =< az^)V,^'''{z^) ZV^^'^'iz^) V.^'^'izs) H / dzr{b, ^^/^^(z,)} > (2.2) 

since in the N=2 embedding, V = ^V^^^, G+ = Jbrst, G' = 6, and G+ = r]. (Note 
that (3 = d^e~^ and 7 = rje'^ are the bosonic RNS ghosts, Z = {Q,^} is the RNS picture- 
changing operator, V^^^ is in the —1 picture, and ZV^^^ = {Q, ^V^^^} is in the 
picture). So G+{V) = Q{^V^^^) = ZV^^^ and G+{V) = V^^^ . 

In the new spacetime-supersymmetric description of the superstring, a field redef- 
inition is used to write the generators of the N=2 embedding in terms of spacetime- 
supersymmetric variables.!^ In terms of the four-dimensional supersymmetric variables 
[x"^, 6*", Pq, Pq, p] and the compactification-dependent variables, the twisted c=6 N=2 
generators are: 

T = ^dx'^dxm + Pade'' + p^de'' + l{dpdp + id^p)+Tc, (2.3) 

G+ = e^^(d)2-fG'J, G- ^e-'P{df +Gc, J^-dp + Jc, 

where m takes values to 3, a and a take values 1 or 2, pa and pa are conjugates to 6*" 
and p is a chiral boson, 

z o io 



((i)^ means ^e"'^^ dad 13, and [T^, Gj, G^, Jc] are the twisted c=9 N=2 generators of the 
superconformal field theory used to describe the compactification manifold. 
The action in conformal gauge for these fields is 



/ 



dzdzi^dx^dx^ + pLcBei + pLcdei + \dpLdpL (2.4) 

+PRc.dei + pRcdei + ]^dpRdpR) + Sc 

where Sc is the action for the compactification-dependent variables. When the R/L index 
has been suppressed (as in (|2.3| )), we shall always mean left-moving. Note that z versus z 
is correlated with L versus R, and not with 6 versus 6. 

The free-field OPE's of the four- dimensional variables are 

x^{y)x^{z)^ri^-\og\y-z\\ (2.5) 

pL{y)pL{z) log(y - z), pR{y)pn{z) \og{y - z), 

pUy)efl{z) ^ pUyWiiz) ^ 

y — z y — z 

PRc.{y)ei{z) ^ PRa{y)ei{z) 



y - z y- z 

Note that the chiral boson p can not be fermionized since e*^*^^-* g-«p(2) _ 
has the same behavior as the negative-energy field (p that appears when bosonizing the 
RNS ghosts. After twisting, the background charge is defined for open superstring tree 
amplitudes by 

< {ef{efe-'P+'^'^ >= 1 (2.6) 

where Jc = dHc- 



As was shown by Siegel, |110[| d^ and d^ satisfy the OPE that da{y) di3{z) is regular, 



rfa(y)4(^)-^^ (2.7) 
y- z 



da{y)Ii^{z)-^-i'^^^^^, da{y)ir^{z)^-i'^^^^^ 
y- z y- z 

where 

t — % — 

Had = Cr'^a^Xm — -OadO^ — -O^dOa- 



The advantage of working with the variables and is that they commute with 
the spacetime supersymmetry generators, 

= jdz\p^ - ^raxaa - ^{ofde^], = j>dz[p^ - ^rsx,^ - ^{efde^]. 

3. Koba-Nielsen formula for open superstrings 

For massless states of the open superstring which are independent of the compact- 
ification, the vertex operator V only depends on the zero modes of x"^, 6°' and 9°'. It 
can therefore be represented by the superfield V{x,6,6), which is the standard N=l 4D 
super- Yang-Mills prepotential (e.g. the 66 component of V is the gluon gauge field A"^, 
and the 6{6)'^ and {6^6 components of V are the gluino fields and ^"). 

The condition of being N=2 primary implies that 

[DfV = {DfV = dmd'^V = 

where = de^^ + f ^"cr^9^ and = dga + ■^6°'a'^^djn are the covariant fermionic 
derivatives. Note that {D)'^V = {D)'^V = is the standard supersymmetric generalization 
of the Lorentz gauge condition dmA"^ = 0. 

Using the free-field OPE's of (|2.5|), it is straightforward to compute that 

j dzG-{G+{V)) = j dzid"" {DfD^V + d^ {DfD^V 

+d6''D^v - D^v - d^]v). 

Plugging into (|2.1|), 

A =< Vi{zi)e'Pd''{z2)DMz2)e-^''+''''d''{zs)D^Vs{zs) (3.1) 

^ r 

II / dZrid'^iZr) iDfDMZr)+d''{Zr) {DfD^Vr{Zr) 
r=4 

+d6''{Zr)DaVr{Zr) - d6"{Zr) D^Vr{Zr) - iU'^'^ (Zr) , ^d] K (^r) ) > 

r=l s=4 

AT 

< exp(^^ er[doiiZr)w" + da{Zr)w'^ + d6ot{Zr)a" + d6a{Zr)d" + IlaaiZr)ar"]) 



N 

^ip{z2)^-2ip{z3)+zHc{zs) -Q V^{Zr) > 

r=l 

where 

CK 7— \ C V — fi CK — Q'Q' /--» 

W2 = D^, W2 = a2 = = = 0, 

— CK 7— \ r V ry ry — q' rvQ' 

MJg = D3 , = 03 = ag = 03 = 0, 

for r > 3, and and are fermionic derivatives which act only on Vr{zr)- For example, 

AT N 



Using the fact that < d°'{z)... >= < >, where fs is the residue of the pole 

at 2; = 2:5, one can use the OPE's of (p77|)to write 



o 



^=^Udr^^ =o)Il I dzsei (3.2) 

r=l ^ s=4 

< exp(2^e^[ — - — + e^( + - — - — ^)\w^ 



r.s 



^ ~ Zs){Zt - Zs) 



N 

Jp{z2) f,-2ip{z3)+Hc{z3) 



r=l 

where -D" is always ordered to the left of Wr and a^. The term proportional to e^eset comes 
from the pole of d°'{zt) with the residue of the pole of d^{zr) at Zg. 
One can similarly use the OPE's for to write 

-^=(11571^^=0)11 / ^^^^1 (3.3) 

r=l ^ s=4 

< exp(^^ ^ trl ^ + _ ( _ \2 

Zj- Zs Zj- Zs \Zr Zs I 
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r,s,t,u ^ ' ^ ' ^ / 



AT 



where is always ordered to the left of D", which is always ordered to the left of Wr 
and ttr- 

Finally, performing the correlation function over the x's and p, and using the normal- 
ization of (|2.6|) , one obtains 

Nr. N 

O 



s=4 



1 WsaW^WtaW^ . 



r,s r 

where /c^ is the momentum of l^., : exp() : is to remind that is always ordered to the 
left of which is always ordered to the left of Wr and a^, and / d?9od'^9o means to set 
6'"(zr) = 6q and 9°'{zr) = 9q for all r and to integrate over 9q and . 

It is straightforward to check that A is gauge-invariant since under the transformation 
6Vp = (I^)2$p (which implies a° = L*^, a"^ = k^, and d^ = =tD° = 0) 

'^^=(narl-=o)n / dzse.e,— (3.5) 

r—l ^ s=4 P 

/" d^^orf'^o : expF : (^2 - ;23)' H^^- " z,)''^''- {Dp^^p J] K(^.) 
where F is the object in the exponential of 



4. Koba-Nielsen formula for closed superstrings 

For the closed superstring, the tree-level scattering amplitude of compactification 
independent massless states is obtained by multiplying A by its right-moving counterpart 
and by replacing the 4D N=l super- Yang-Mills prepotential V{x, 9, 9) with the 4D N=2 
supergravity plus tensor prepotential U{x, 9l, 9l; 9fi, 9r). In standard SU(2) notation for 
N=2 superspace, 91 = 9%, 9^ = 9+^, 9f, = 9'^, and 9% = 9''^. 

As discussed in reference |T^ , f/ is a scalar superfield which describes an N=2 confor- 
mal supergravity multiplet and an N=2 tensor hypermultiplet. The NS-NS fields for the 
graviton, anti-symmetric tensor, and dilaton are in the 9r9r9l9l component of C/, 

and the R-R field strengths for the U(l) vector and complex scalar are in the {9l)'^9l 
{9r)'^9r and 9l{9l)^ {9r)^9r components of U, 

Fmn = a±{DLfDUDRfDj^^U + C.C., d^y = a'^^DUDLfiDRfDj^^U. 

For U to be an N=2 primary field, it must satisfy the constraints 

{Dl^U = {DlTU = {Dr^U = {Dr^U = dmd^U = 0. 

The first four constraints are the N=2 supersymmetric generalization of the usual polar- 
ization conditions, and the last constraint is the equation of motion in this gauge. 

The topological prescription for the N=2 closed superstring tree-level amplitude is 



N 

H / dZrdZrG^{Gl{G+{G+{Ur 

r=4 



where G^ and are the right and left-moving fermionic N=2 generators. 

Using the same methods as in the open superstring computation, one finds 

^ d d ^ f 

-4= (JJ ^ ^ \ei^,=enr=o) n / dzsdzs eLieRi (4.1) 



d'9Lod'9Lo J d'9Rod'9Ro : exp(FL + Fr) : 

\z2-Zs\'l[\''r-^s\''^'-IlUAZr) 

r,s r 

where Fl is the object in the exponential of (|3. 41) with replaced by ^/c^, and Fr is its 
right-moving counterpart (i.e. Fr is obtained from F^ by switching {eLr, DLrjWLnO'Lr) 
to (e_Rr, Drj., WRr, ttRr) and by switching Zr to Zr). 
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5. Koba-Nielsen formula in the presence of a D-brane 

For closed string scattering in the presence of a D-brane, there are boundary conditions 
on the fields which can be either Neumann or Dirichlet. For convenience, the boundary 
will be chosen to be the real line, and the closed strings to reside in the upper half-plane. 

The boundary conditions when z = z for the four-dimensional fields arefl^ 

e'l = Mfi di=M^^d% pL = PR 

where and are the matrix elements of M = nm=o '^nT i '^m = or 1 for 
Neumann or Dirichlet boundary conditions in the m}^ spacetime direction. (We are as- 
suming in this letter that X]m=o even. When X]m=o odd, one needs to switch 

with 6'^ and d'^ with d'^.) Note that because the four-dimensional variables are in- 



dependent of the compactification, (pTTpis independent of the boundary conditions in the 
compact ification directions. 

The first step in calculating the scattering with a D-brane is to write down the topo- 
logical prescription. Comparing with the RNS prescription,]^ 

A =< CL{zi)Vf''^izi) I dZ2{bL, ZRZLVf''^{z2)} (5.2) 

N 

H I dZrdZr[bR,{bL,ZRZLV,''''^{Zr)}] >, 

and using the N=l/N=2 relationship which is discussed after ( |2.2| ), one sees that the 
correct topological prescription is 

A=< G+{Uiizi)) I dz2Gl{Gl{G+mz2)))) (5.3) 

N 

n / dZrd-ZrG-^{Gl{Gl{Gl{Ur{Zr))))) > . 

Q ^ 



r=3 

Plugging in the vertex operator for the massless fields 



d d f f 

-^=•^11 a7^a7;^l"^-="«-=°^ y JJ y dzsdzsCLi (5.4) 



dtLr deRr 

< expC^eLridLa{Zr)wl^ + dL6,{Zr)wtr 



s=3 ■ 



r 

+dORa{Zr)a%r + ^^i?d(^r)a^r + ^RmiZr)aR^) 

N 



r=l 

where the only non-zero tu's and a's are 



for r > 1 when left-moving and for r > 2 when right-moving, and 

^Rl — ^Rli ^R2 — ^R2- 

One can now use the techniques of section 3 to compute the correlation function. 
The only difference is that the correlation function of left-moving fields must equal the 
correlation function of its right-moving partner when the field sits on the boundary. For 
example, 

< di{z)... >=< J2 + E > 



Z — Zg ~^ z — Zt 

s t 



where f^g is the pole residue of d1{z) at z = Zg and /^^ is the pole residue of M^d^{z) at 

Z = Zf 

The resulting Koba-Nielsen formula in the presence of a D-brane is: 



N r. „ N 



eLr( — — — — + eLs — — —) 

Zf Zg yZf Zg J 



r,8 

^ [Zg- Zr)\Zg- Zt) [Zg- Zi)\Zr- Zt)\Zr- Zg) 



+{Lu Ru} ] + {Lt^ Rt} ] + {Ls^ Rs} ] + {Lr ^ Rr} 
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{Zi - Z^f W\Zr- Zs\^^^^^^ \Zr - Z,\^^^^^^ JJ Vr{Zr) 
r,s r 

where k^^ = (-l)"-/c;j^, / d'^Ood^Q means to set ^g(z^) = Mp^j^{zr) = 6^ and ^^(z^) = 
M^O^{zr) = Oq for all r and to integrate over 6q and Oq, and {Lu — ^ Ru} means to switch 
Zu — ^ Zu and to switch 

{^Lu: W^u: '>^Lu: '^Lu^ '^tm '^TuJ Ki) ~^ 

(e^., M^<,, M^tvt. M^pal^, M|aj,, (-l)"-ar., C)- 

Note that the switch affects everything inside the [ ] brackets, e.g. {Lu — > Ru} affects only 
the er^s^t^u term but {Lr Rr} affects all terms (including those coming from earlier 
switches). 

In summary, the manifestly super- Poincare invariant Koba-Nielsen formulas for mass- 
less tree amplitudes of the open superstring, closed superstring, and closed superstring in 
the presence of a D-brane can be found in equations (|3.4| ), (|4.1| ), and (|5.5| ). 

Acknowledgements: I would like to thank Vipul Periwal and 0jvind Tafjord for sug- 
gesting the D-brane generalization and for sharing their results using light-cone Green- 
Schwarz calculations. 



10 



References 



[1] M.B. Green and J.H. Schwarz, Nucl. Phys. B243 (1984) p.475. 
[2] S. Mandelstam, Prog. Theor. Phys. Suppl. 86 (1986) p. 163. 
[3] A. Restuccia and J.G. Taylor, Phys. Rep. 174 (1989) p.283. 

[4] S. Mandelstam, Workshop on Unified String Theories, 29 July - 16 August 1985, eds. 

M. Green and D. Gross, World Scientific, Singapore (1986) p. 577. 
[5] N. Berkovits, Nucl. Phys. B431 (1994) p.258. 
[6] N. Berkovits, Nucl. Phys. B420 (1994) p.332; 

N. Berkovits and C. Vafa, Mod. Phys. Lett. A9 (1994) p.653. 
[7] N. Berkovits and C. Vafa, Nucl. Phys. B433 (1995) p.l23. 

[8] N. Berkovits, "A New Description of the Superstring" , preprint IFUSP-P-1212, April 

1996, to appear on hep-th. 
[9] J. Polchinski, "Dirichlet-Branes and Ramond-Ramond Charges", [hep-th 9510017) ; 

S.S. Gubser, A. Hashimoto, I.R. Klebanov and J.M. Maldacena, "Gravitational Lens- 

ing by p-Branes" , hep-th 9601057; 

M.R. Garousi and R.C. Meyers, "Superstring Scattering from D-Branes", [hep-th 



9603194 



[10] W. Siegel, Nucl. Phys. B263 (1986) p.93. 

[11] N. Berkovits and W. Siegel, "Superspace effective actions for 4D compactifications of 
heterotic and type II superstrings" , preprint IFUSP-P-1180, October 1995, to appear 
in Nucl. Phys. B, [hep-th 95010T6 . 



[12] V. Periwal and 0. Tafjord, private communication; 
M.B. Green, Phys. Lett. B329 (1994), p. 435. 



11 



